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ABSTRACT 
In this note we give a criterion for the positivity of the curvature tensor of a Hermitian Einstein 
metric in a holomorphic vector bundle. This is a differential geometric version of an algebraic 
ampleness criterion previously proved by M. Schneider and A. Tancredi. 
1. INTRODUCTION 
For holomorphic vector bundles on complex manifolds the algebraic notion 
of ampleness in the sense of Hartshorne [H] and the differential geometric no- 
tion of positivity in the sense of Griffiths [G] are strongly related; the latter 
always implies the first, and for line bundles they are equivalent. For bundles 
on surfaces, M. Schneider and A. Tancredi [ST] proved the following “numer- 
ical” ampleness criterion. 
(1.1) THEOREM. Let E be a holomorphic rank 2 vector bundle on a compact 
complex surface X with the following properties: 
a) The first two Chern classes c,(E), c,(E) satisfy the inequality c;(E) > 
2c,(E) > 0 in H4(X, Z) z H. 
b) The restriction E I c is ample for all integral curves CC X. (This together 
with condition a) implies that det E is ample.) 
c) E is stable with respect to det E. 
Then E is ample. 
An example to which this applies [S] is the cotangent bundle of a Kodaira 
fibration, i.e. a surface X for which there is a regular holomorphic map 
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X p. S onto a curve S s.t. p is not a fibre bundle (compare [BPV]). 
In this note we give a criterion (Theorem 2.1) which guaranties, under dif- 
ferential geometric conditions almost corresponding to those above, positivity 
of a bundle over a Kahler manifold; the main idea (due to M. Schneider) is as 
follows: 
Positivity of E means the existence of a hermitian metric in E with positive 
curvature tensor (for precise definitions see section 2); for the cotangent bundle 
of a Kodaira fibration such a metric has been constructed by I.-H. Tsai [T]. The 
stability condition in Theorem 1.1 is, by the solution of the Kobayashi-Hitchin 
conjecture (see [Dl],[D2],[K],[L],[UYl],[UY2]), equivalent to the existence of 
an essentially unique metric which is (irreducibly) Hermitian-Einstein (HE), 
this also is defined in terms of the curvature. Hence one can ask whether this 
natural metric in fact has positive curvature; for this we translate the require- 
ment on the Chern classes in Theorem 1.1 into a similar statement on the Chern 
forms given by the HE-metric, and using det E as the ample line bundle defining 
stability is equivalent to saying that the first Chern form of the HE-metric 
equals (up to a constant) the given Kahler form on X. 
Theorem 2.1 requires only dim X= 2 or rk E= 2; in case of a 2-bundle on a 
surface it reads 
(1.2) THEOREM. Let (X, g) be a compact Kiihler surface and (E, h, g) a Her- 
mitian bundle on X such that the first Chern form c,(E, h) equals the Kiihler 
form o up to a positive constant. Suppose further that the first and second 
Chern form satisfy 
(*) c:(E, h) - 2c2(E, h) = @. co2 
with a positive function @. Then (E, h) is positive. 
A Kodaira fibration X admits a Kahler Einstein metric g by Yau’s solution 
of the Calabi conjecture; in particular is T*X a HE-bundle such that c,Po, 
but unfortunately we cannot verify the crucial condition (*) in this case. Also, 
from the construction of Tsai it does not follow that his metric is in fact Kahler 
Einstein, so the question remains if Einstein metrics are really good candidates 
for positive curvature (compare section 3). 
Most of this work was done during two visits* at the University of Bayreuth 
in May 1989 and May 1990; the author would like to thank M. Schneider for 
the invitation. 
2. THE POSITIVITY CRITERION 
A general reference for the differential geometry used in the following is [K]. 
Let (X,g) be an n-dimensional compact complex Kahler manifold with 
Kahler form o and E + X a holomorphic vector bundle of rank r. A hermitian 
metric h in E induces a unique h-unitary connection D, in E which is compat- 
*Supported by the DFG-Forschungsschwerpunkt “Komplexe Mannigfaltigkeiten”. 
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ible with the holomorphic structure; its curvature Fh = 0; is a (1, 1)-form with 
values in the endomorphisms of E. 
DEFINITION. We say that h has positive curvature if for every differentiable 
section s of E the (1, 1)-form 
QS:= E. h(F,(s),s) 
2 
is positive, i.e. locally one has QS = -12 . Cr j=, @odzi Adzj where the matrix 
(~~1 is positive definite in all points which are no zeroes of s. 
DEFINITION. The metric h is called Hermitian Einstein (HE) if there is a con- 
stant A E R such that 
F,,AcIY = --fl. I. idEB&. 
A HE-metric, if it exists, is unique up to positive constants, and the factor 
,l depends only on the first Chern class of E. 
The Chern forms ck(E, h) are the global closed forms of type (k, k) defined by 
det idE +g. F,,) = i ck(E, h); 
k=I 
in particular one has 
cl(E,h) = g. trF,. 
Our main result is the following: 
(2.1) THEOREM. Let h be a Hermitian Einstein metric in E with factor A > 0 
such that c, (E, h) = rA/2-/r. w. Suppose further that 
a) n = 2 and c:(E, h) - 
2r(r - 1) 
r*-2r+2 
. cZ(E, h) = y. co2 
or 
b) r=2 and c:(E,h)- 
4(n - 1)2 
n2-2n+2 
.c2(E,h) 
> 
l\arnP2 = I,v.o”, 
where in both cases I,U is a strictly positive function. Then h has positive cur- 
vature. 
REMARKS. i) If n = r = 2, then the coefficient of c2 in both cases is 2. 
ii) For a HE-metric h one always has (c:(E, h) - (2r/(r - 1)). c2(E, h))l\one2 = 
o.0” with a nonpositive function a; this is not in conflict with our 
conditions because of 2r(r - l)/(r2 - 2r+ 2) < 2r/r - 1 for all r? 2 and 
4(n - 1)2/(n2 - 2n + 2) < 4 for all n 2 2. 
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PROOF. 
a) The curvature of a h-unitary connection is skew-adjoint, i.e. Ff = -F,, 
where * means adjoint with respect to h. The Hodge-*-operator associated to 
g induces a splitting 
F,,=F,+F_, *F, = +F+; 
one has 
F,* = -F+, _ F+r\F_=O, F-/\o=O. 
From the HE-condition and the assumption on c,(E, h) we furthermore 
conclude 
so 
F+ = -1/-1. A. id&co, trF_ = 0, 
r2.A2 2 
c:(E, h) = ---$a tr(F,J A tr(FJ = -. o 
4x2 ) 
c2(E,h) = -$a tr(F,)Atr(F,)+$. tr(FhAFh) 
r2.A2 
=3* w~+$.~T(F+AF+)+$.~~(F_AF_) 
r2. A2 
=gn2. ~~+$.tr(--l~~id,&~~~)+$~tr(F_A*F?) 
= $. (r(r- 1). A2+ [,F_112), 
where I/ 11 is the pointwise Hodge norm induced by g and h; in particular it 
follows c,(E) > 0 (compare Theorem 1.1 a)). This implies 
c;(E, h) - 
2r(r - 1) 
. c,(E, h) = 
02. r2 
r2-2r+2 4n2.(r2-2r+2) 
+. l~F-~12); 
by assumption, the function w = ,I2 - ((r - 1)/r). jlF_l12 is strictly positive. 
For a differentiable section s of E write with respect to local coordinates 
QS:= fl -* h(Fh(S),S) = F . i @ijdZi AdZj e 
2 I.,= I
The 2 x 2 matrix @ = (~ij) is hermitian, so it is positive definite if and only if 
both tr(@) and det(@) are positive; this may be checked pointwise in suitable 
coordinates round a point p E X. So choose normal coordinates such that 
w(p)=$L. ; dzi/\dzi, a2(p) = -+.dz,Adz,Ac&AdZ2. 
,=I 
The operator /\ adjoint to wedging with o has the property 
l\F_ = 0, /\F,, = l\F+ = --PA. idE, 
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and in p one has l\dziAd~j = -1/-1/26, which implies 
tr(@) = 4/\q = 2/Xz(AF/AS),S) = 24S12, 
where Is12=h(s,s). Hence positivity of tr(@) follows from the positivity of A. 
For the determinant, first observe that in p 
@JY Qs = det(@). w2; 
the splitting F,, = F+ + F_ gives @$ = (A/2). 0. jsl2 + (F/2). h(F_(s), s), hence 
A2 
@JcD~ = T. 1~1~. 02-f- ~(E(s),.s)A *~(F_(.s),s) 
where /I [I1 is the pointwise norm on 2-forms induced by g. Hence positivity of 
det(@) follows by Proposition 2.3 below from tr(F_)=O and positivity of the 
function w. 
b) In this case we unfortunately can only give a proof which makes extensive 
use of local coordinates; the somewhat tedious computations are left to the 
reader. 
With respect to a local unitary frame field for E and normal coordinates in 
p E X the curvature F,, is given by a matrix (Fab) of (1, 1)-forms 
because D, is h-unitary one has 
F&j = Fbuji. 
We define 
a,;:=F,,;,-A* 
2’ 
then the assumption on c,(E, h) and the HE-condition imply the following 
relations: 
C Faaij = 0 for i#j, C Fapii = 0 for a #p, 
a I 
c a,i = c a,; = 0, 
c! I 
xFaa;,=+ CF,,;;=A. 
a I 
We define the matrices A =(A,), B= (Bij) by 
Au= 
F,,;j if i#j 
ali if i=j’ 
Bij = F, 2ij ; 
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then A is hermitian and tr(A)= tr(B)=O. Using the relations above one cal- 
culates in p 
c?(& A) - 
4(n - 1)2 
n2-2n+2 
4 
= 
712. (n2-2n+2)’ 
where 1 1 is the usual matrix norm given by IA I2 = tr(‘A . A); by assumption we 
have 
A2 
--q. (IAl2-t IB12)>0. 
4 
The definition of positivity of Fh given above is equivalent o saying that the 
hermitian 2 x 2-matrix K= (KaP) given by 
is positive definite for all O#x=(x,, . . ..x.JEC”; again it suffices to look at 
trace and determinant. A simple calculation yields 
tr(K) = $a lx12 
which is positive because ,I is, and 
det(K) = G. /x14- /‘xAnj2- I’xBxj2; 
this is positive by the inequality derived from the Chern forms and Lemma 2.2 
below since tr(A) = tr(B) = 0. n 
The real key of the proof given above is the following lemma which we 
haven’t found in the literature; the simple proof has been provided by 
R. Brussee. 
(2.2) LEMMA. Let A be a complex n x n-matrix such that tr(A) = 0. Then for 
all x E C” the following inequality holds: 
PROOF. 
I'xAKl" = Itr(_X?xA)/2 
2 
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< yx_IX.E 2 - n . IAl2 by Schwartz’s inequality 
n 
As an application we get the proposition used in part a) of the proof; the dif- 
ferent norms are written as there. 
(2.3) PROPOSITION. Let (E, h) be a hermitian vector bundle of rank r on a 
Kiihler manifold (X,g) and F a (1, 1)-form with values in End(E) such that 
tr(F) = 0. Then for every differentiable sections s of E one has 
PROOF. With respect to normal coordinates we write F= C,j fij. &i/\&j, 
then tr(&j) = 0 for all i, j and 
IlF/12 = C 14j12. i.j 
On the other hand, 
Ilh(F(s),s)Il? = C lh(&j(s),s)12, 
i, .i 
so the claim follows from Lemma 2.2. H 
3. SOME REMARKS 
As was said in the introduction, we can’t verify the condition on the Chern 
forms in our criterion even for examples such as the Kodaira fibrations where 
the existence of a metric with positive curvature is known, so one might try to 
weaken this assumption. A first possibility would be to assume the positivity 
of the corresponding combination of Chern classes (i.e. the integrated version 
of the inequality holds); our argument then would work if one could show that 
the function @ appearing in Theorem 2.1 is constant. This is equivalent to say- 
ing that the second Chern form is harmonic, and we have no idea what suffi- 
cient conditions there are to guaranty that (surely it doesn’t follow directly from 
the HE-equation). 
Another try could be to look for a metric with positive curvature in the con- 
formal class of the HE-metric h, i.e. to replace h by hg := eg. h with some 
function g. E.g. in the case n =r=2, the same method as above shows the 
following: If h is a HE-metric such that c,(E, h&o, then sufficient for positivi- 
ty of the curvature Fg of hY is that the following differential inequality for g 
holds: 
(**I Ag- ll(i%d- Id- IIF- --A, 
l/z 
where n is the Laplace-Beltrami operator of g. Necessary for the existence of 
317 
a solution of (**) is the negativity of the integral of the right hand side (so I 
has to be positive) which would follow from c:(E) - 2c,(E) > 0; but again we 
don’t know any sufficient condition for the solvability. 
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